Designing with Power Sequences

It may seem logical that sources of design
inspiration among integer sequences should be
sought among the complex, the unusual, and even
the exotic. In fact, other articles in this series have
explored these areas [1-2].

But relatively simple integer sequences con-
tain hidden within them fascinating patterns that
can be used to advantage in design, and in particu-
lar for threading and treadling sequences in weav-
ing drafts.

Consider the squares:
1,4,9 16,25, ...

There are many interesting number theoretic
aspects to the squares, including the fact that all
positive integers can be represented as the sum of
four squares.

Nevertheless, the squares don’t have any ob-
vious attractive characteristics that mightbe useful
in weave design. And since they increase in mag-
nitude rapidly, they seem far from the realm of
threading and treadling sequences — t-sequences.

It is necessary to “tame” such sequences to
bring them into the domain of t-sequences — to
reduce the large numbers to the realm of the shafts
and treadles that are available on looms.

The natural way to do this, which preserves
many of their intrinsic properties, is modular reduc-
tion, which is treated in detail in another article [3].
The basicidea is to take remainders on division by
a number, called the modulus. These remainders
are then adjusted to start at 1 rather than 0 to
conform to the convention for numbering shafts
and treadles. The result is a residue sequence that is
suitable for threading and treadling.

There is another problem to consider. Resi-
due sequences often are missing values. For ex-
ample, the residue sequence for the squares modulo
2is

1,4,3,4,1,6, ... repeated

One way to handle this problem is to reassign
the values to fill in the gaps. A systematic way has
useful properties is called normalization [4]. Nor-
malization reassigns successive value to the inte-
gersinorder: 1,2, 3, ... . The normalized sequence

for the example above is

1,2,3,2,1,4, ... repeated

Here are three normalized residue sequences

for the squares, with two repeats shown in graphi-
cal format:
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squares mod 64

Higher Powers

Here are some examples from higher powers,
with two repeats shown in graphical format:

i1ali fiake g ML RLale i afe bign® 0|
et e T N et

II".III..I:II-:II:I I:I'-II:I.III..I!I
kil 1

cubes mod 16

Ly Lam R
S e ey

i1afi flate g MaflafeflafefigiP® ]
Iﬂﬂl'l..llﬂﬂlﬂﬂll."l’-lnﬂl

twentieth powers mod 26
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twenty-seventh powers mod 38

Periods

All residue sequences derived from power
sequences are periodic — they repeat. In many
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cases the periods are the same as the moduli. The
exception, in which the periods are shorter, occur
when the modulusis evenly divisible by the square
of one of the factors of the power.

For example, for squares, moduli divisible by
22=4have residue sequences less than the moduli:

modulus period

4 2

8 4
12 6
16 8
20 10
24 12
28 14
32 16

For cubes, moduli divisible by 3*> = 9 have
periods less than the moduli:

modulus period

9 3
18 6
27 9

Note that for primes, which have only 1 and
themselves as factors, the number of sequences
with periods less than the moduli is relatively
small. For example, for power 5, only moduli divis-
ible by 5% = 25 have periods less than the moduli.

In the case of composite moduli (those with
more than one divisor), the situation is more com-
plicated with respect to the lengths of the periods.

For example, for power 4 = 2 x 2, the results
are

modulus period

4

8
12
16
20
24
28
32

—_
XN ODNNAADNDN

One important consequence of shorter peri-
ods when the moduli are divisible by the square of

a factor of the power is that there are sequences
with relatively short periods even for large powers
and large moduli.

Straight Draws

As mentioned in Reference 4, many normal-
ized residue sequences are straight draws and
uninteresting for design purposes.

The numbers of straight draws for powers
from 2 to 16 and modulo 2 to 64 are:

power  straight draws
2 2
3 25
4 4
5 32
6 3
7 36
8 5
9 27
10 3
11 36
12 4
13 37
14 3
15 22
16 6

Note than even powers have higher percent-
ages of residue sequences that are potentially in-
teresting.

Number of Distinct Values

Except for straight draws, the number of dis-
tinct values in normalized residue sequences (and
hence the number of shafts or treadles required) is
always less that the modulus, and considerably so.

Most often, but not always, the number of
distinct values is even. There is, however, no evi-
dent regularity in this regard.

In general, however, there are sequences with
small numbers of distinct values even for large
powers and large moduli. See Appendix A sum-
marizes the properties of normalized residue se-
quences for powers from 2 to 32 and moduli from
2 to 64.

Distinct Sequences

The same sequence may be found in normal-
ized residue sequences for different powers and
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different moduli.

For powers from 2 to 32 and moduli from 2 to
64, there are 31 x 63 = 1,891 sequences in all. Of
these, 537 are straight draws. Among the remain-
ing 1,351, there are only 207 distinct sequences.

Of these, 12 require more than 32 shafts or
treadles and can be discarded for most looms. Of
the 195 remaining, some are unsuitable for thread-
by-thread drafting, although they may be candi-
dates for profile drafting. Some of the remaining
sequences are uninteresting or aesthetically flawed.
But among these sequences are many interesting
candidates for weave design. See Appendix B.
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Appendix B -- Normalized Residue Sequences Derived from Power
Sequences
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